ABSTRACT. In this paper we revisit the family of algebroid space curves defined by Moh and find an explicit minimal generating set for the defining ideal, for the case n = 1.
it is a regular sequence of length 2. We will see in the next section that the complete intersection property of p 1 does not necessarily ensure that the contracted ideal P 1 always has the same property.
GRÖBNER BASIS OF P 1
Our motivation behind this study is to understand Moh's class of curves from the computational perspective. We will see that it would be helpful if we rewrite Moh's examples by introducing some new parameters. Recall that n is an odd positive integer, m = (n + 1)/2 and λ is an integer such that λ > n(n + 1)m with gcd(λ, m) = 1. Let us write λ = A + Bp + r, where A = n(n + 1)m; B = (n + 2)m; 1 ≤ r ≤ B and p ∈ Z ≥0 . Note that gcd(λ, m) = 1 implies gcd(r, m) = 1. In the case of n = 1, we have m = 1, λ > 2, A = 2, B = 3, r ∈ {1, 2, 3} and p ∈ Z ≥0 . where r and p are defined above. The set G = {g 1 , g 2 , g 3 , g 4 } forms a Gröbner basis for the ideal I = g 1 , g 2 , g 3 , g 4 , with respect to the chosen monomial order.
Proof. We proceed by Buchberger's algorithm and examine each S-polynomial separately.
(i) We have gcd(LT(g 1 ), LT(g 2 )) = 1 and gcd(LT(g 1 ), LT(g 4 )) = 1.
Proof. Let us consider the lexicographic monomial order in k[x, y, z] induced by x > y > z. By 1.1 the set G = {g 1 , g 2 , g 3 , g 4 } forms a Gröbner basis for the ideal I with respect to the said order. Suppose f h ∈ I and f / ∈ I, h / ∈ I. We may assume that neither LT(f ) nor LT(h) is divisible by any one of LT(g i ), 1 ≤ i ≤ 4. We know that LT(g 1 ) = y 3 , LT(g 2 ) = xy, LT(g 3 ) = xz and LT(g 4 ) = x 2 . We claim that, LT(g i ), 2 ≤ i ≤ 4 can not divide any monomial in supp(f ) ∪ supp(h), otherwise, we use division algorithm to reduce f (or h) modulo G = {g 1 , g 2 , g 3 , g 4 } to the nonzero remainder R and work with R instead of f (or h).
We assume that x ∤ LT(f h) otherwise we consider case 2. Since y 3 ∤ LT(f ) and y 3 ∤ LT(h), let
where x,y does not divide any monomial in the set {m i , m
Note that the indeterminate x is the largest among x, y, z and it does not divide LT(f ); therefore x can not divide any monomial m ′′ i in the support of f . Therefore we may take
where
Similarly we can take
We divide by g 1 to get,
This leads to a contradiction because leading term of above expression is not divisible by any LT(
Without loss of generality we assume that x | LT(f ) and y | LT(h). Since LT(f ) and LT(g) are not divisible by any LT(g i ), 1 ≤ i ≤ 4, we have x 2 , y, z not dividing LT(f ) and x, y 3 not dividing LT(h). Hence x does not divide any monomial in supp(h). Furthermore, y 3 does not divide any monomial in supp(f ) ∪ supp(h). Therefore we have f = x + p(y, z), where
and dividing by g 3 we get
If q 3 is a nonzero constant then leading term of the above expression is x, which gives a contradiction. If q 3 = 0 then substituting the expression for p(y, z) we get,
Hence,
Dividing the above expression by g 1 we get
Suppose r = 3, then, the leading term of the above expression is not divisible by any LT(g i ), 1 ≤ i ≤ 4, which leads to a contradiction.
Dividing the above expression by g 1 , we get,
However, the leading term of the above expression is not divisible by any LT(g i ), 1 ≤ i ≤ 4, which is impossible.
We divide by g 1 and get,
Again leading term of the above expression is not divisible by any LT(g i ), 1 ≤ i ≤ 4, which is impossible.
Let q 3 (z) = zr(z) + c, then, from 1.1 we have
Dividing the above expression by g 2 we get
If c = 0 then the leading term of the above expression is cx, which is not divisible by any LT(g i ), 1 ≤ i ≤ 4, and this leads to a contradiction. If c = 0, then substituting p(y, z) by y 2 p 1 (z) + yp 2 (z) + p 3 (z) and dividing by g 1 we get
Again we consider cases depending on different values of r. If r = 3, then the leading term of the above expression is not divisible by any LT(g i ),
1 ≤ i ≤ 4, which is impossible. If r = 1, then division by g 1 gives
Again leading term of the above expression is not divisible by any LT(g i ), 1 ≤ i ≤ 4, which gives a contradiction. Finally, if r = 2, we divide the expression by g 1 and get
Leading term of the above expression is not divisible by any LT(g i ), 1 ≤ i ≤ 4, which gives a contradiction.
Case 3. Let xz | LT(f h) = LT(f )LT(h).
We assume that y ∤ LT(f h), otherwise xy | LT(f h) and we are back to the Case 2. Without loss of generality we assume that x | LT(f ) and z | LT(h). Since x 2 , y, z do not divide LT(f ) and x, y do not divide LT(h), we have f = x + y 2 p 1 (z) + yp 2 (z) + p 3 (z) and h = q(z), where q(z),
Suppose that q(z) = zt(z) + d; after dividing by g 2 we get
If d = 0 then the leading term of the above expression is dx, which is not divisible by any LT(g i ), 1 ≤ i ≤ 4, a contradiction. If d = 0, then also the leading term of the above expression is not divisible by any LT(g i ),
Case 4. Let x 2 | LT(f h); then x divides LT(f ) and LT(h) both. Again by same argument as in the previous cases we have
,
We argue similarly and keep on dividing by g i 's, finally arriving at a contradiction. Proof. We write, g 3 = Rx + S where,
Choose n = z, then n | S, n ∤ R and n 2 ∤ S. By the Eisenstein criterion g 3 is an irreducible polynomial in the ring k[x, y, z] and k[[x, y, z]].
Proof. We have ρ 1 (g i ) = 0, for 1 ≤ i ≤ 4, hence I ⊂ P 1 . Again by theorem 2, {g 3 , g 4 } ⊂ I forms a regular sequence of length 2. Consider the chain 0 ⊂ g 3 ⊂ I ⊂ P 1 . Given that, ht(P 1 ) = 2, I ⊂ P 1 and that I is a prime ideal, we have P 1 = I.
Proof. It is easy to see that g 1 = z(g 3 ) − y(g 2 ). We have
For r = 1 and r = 2, we have 3r 2 −11r+12 2 = 3 − r and r 2 − 4r + 2 = −r. Therefore g 2 = y(g 4 ) − x(g 3 ).
THE IDEAL
We now show that the situation in algebroid case is significantly different.
Lemma 2.1. Let us consider the ring
Proof. We have
We now use the following theorem proved by Moh in [3] to prove that the set {g 3 , g 4 } forms a generating set for the ideal p 1 in the power series ring k[[x, y, z]]. Let us recall that Moh [3] defined the σ-weight as σ(x) = x n , σ(y) = y n+1 , σ(z) = z n+2 .
Theorem 2.2. The prime ideal p n needs at least n + 1 generators. There are f 1 , . . . , f n ∈ p n such that:
(1) the σ-leading form of f i belong to the set V n 2 +n+i−1 , for i = 1, . . . , n, where V r = {σ − homogeneous form of σ − order r} ∩ {σ − leading forms of elements in p n } ∪ 0;
(2) x (the σ− leading form of f 1 ) and the σ− leading form of f n+1 generate V n 2 +2n . Moreover, any f 1 , . . . , f n+1 ∈ p n satisfying conditions (1) and (2) Proof. We prove the following statements:
(i) The σ− leading form of g 3 ∈ V 2 , (ii) x (the σ− leading form of g 3 ) and the σ-leading form of g 4 generate V 3 .
Case r = 1: We have
Therefore the σ leading form of g 3 is x 2 − y = h 1 ∈ V 2 and the σ leading form of g 3 is xy−z = h 2 ∈ V 3 . It is enough to prove that x(x 2 −y) = x 3 −xy and xy − z generate V 3 . Let h(x, y, z) ∈ V 3 , then, h(x, y, z) ∈ W 3 = {σ − homogeneous form of σ − order 3}
and it is also a σ-leading form of elements of p 1 . As h(x, y, z) ∈ W 3 , h(x, y, z) is a σ-homogeneous form and ord(σh(x, y, z)) = 3. Now any homogeneous polynomial of degree 3 in K[[x, y, z]] can be written as a 1 x 3 + a 2 y 3 + a 3 z 3 + a 4 xy 2 + a 5 x 2 y + a 6 xyz + a 7 xz 2 + a 9 yz 2 + a 10 y 2 z.
We write the above expression as follows,
+ a 6 xyz + a 7 xz 2 + a 9 yz 2 + a 10 y 2 z.
We must have a 2 = a 5 = a 6 = a 7 = a 8 = a 9 = a 10 = 0. Therefore, h(x, y 2 , z 3 ) = a 1 x 3 + a 3 z 3 + a 4 xy 2 , hence h(x, y, z) = a 1 x 3 + a 3 z + a 4 xy (since h is σ-homogeneous).
The polynomial h(x, y, z) is a σ-leading form of elements of p 1 , therefore there exist g(x, y, z) ∈ p 1 , such that the leading form of σg(x, y, z) is h(x, y, z). Let g(x, y, z) = h(x, y, z) + f (x, y, z). Our claim is, after applying ρ 1 , no monomial in the support of f (x, y, z) can produce terms like at 3 . Suppose not, then ρ 1 (a i 1 i 2 i 3 x i 1 y i 2 z i 3 ) = at 3 + (), which implies that i 1 + 2i 2 + 3i 3 = 3. The possible solutions to this equation form the set { (1, 1, 0), (0, 0, 1), (3, 0, 0) } and the corresponding monomials would therefore be a (1,1,0) xy, a (0,0,1) z, a (3,0,0) x 3 . This gives rise to a contradiction as h(x, y, z) is σ-homogeneous of order 3 and the σ leading form of g(x, y, z). Thus our claim is proved.
We now apply ρ 1 on g(x, y, z) = h(x, y, z) + f (x, y, z) and we get 0 = a 1 (t + t 1+3(1+p) ) 3 + a 3 t 3 + a 4 (t + t 1+3(1+p) )t 2 + ρ 1 (f (x, y, z)).
Equating coefficient of t 3 , we get a 1 + a 3 + a 4 = 0. Therefore, h(x, y, z) = a 1 x 3 + a 3 z + a 4 xy = a 1 (x 3 − xy) + a 3 (z − xy) + (a 1 + a 3 + a 4 )xy = a 1 (x 3 − xy) + a 3 (z − xy) and by theorem2.2, (x 3 − xy) and (xy − z) generate V 3 .
Case r = 2: We have
The σ leading form of g 3 is (x 2 −y) and the σ-leading form of g 4 is (xy −z); therefore similar proof works.
Case r = 3: We have
The σ-leading form of g 3 is (x 2 − y) and the σ-leading form of g 4 is (xy − z); hence similar proof works. Proof. Height of the ideal p 1 is 2 and the set {g 3 , g 4 } generates p 1 . Hence by Krull's theorem, the set {g 3 , g 4 } forms a minimal generating set for the ideal p 1 . Proof. By p 1 = {g 3 , g 4 } forms a regular sequence.
